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Abstract 

We show that the k, ao(980), a and the /o(980) resonances constitute the hghtest scalar nonet 
in three different and complementary ways. First, by establishing the continuous movement 
of the poles from the physical to a SU(3) limit. Second, by performing an analysis of the 
couplings of the scalar mesons to pairs of pseudoscalars and third, by analysing the couplings 
of the scalars with meson-meson SU(3) scattering eigenstates. Every of the last two methods 
agree that the mixing angle between the singlet and the octet / = states is 9 = 19° it 5 
degrees, so that the a is mainly the singlet and the /o(980) the isosinglet octet state. 



1 Introduction 



Just after the experimental discovery of the /o(980) 'V\, a few years after the one of the ao(980) Pj, 
Morgan in ref . |2] made a first attempt to estabhsh the states belonging to the J^*" = 0"'"+ lightest 
scalar nonet and to calculate the mixing angle. He established, as a tentative solution, that the 
/o(980), ao(980) and a 1200) together with an extra /o(^ 1100) would form this scalar nonet 
with cos^ 6 = 0.13, being 6 the mixing angle. The ao(980) with 1=1 and the k with / = 1/2 are 
supposed to remain as pure octet states in this and in any other SU (3) analysis that we refer here. 
In our notation, cos 6* is the projection of the /o(980) on the isosinglet octet state. The result of 
Morgan's analysis is far from the ideal mixing, the one found in the vector and tensor multiplets 
0130111, where cos^ ^ = 2/3 ~ 0.67, so that the state coupling more strongly with strangeness is 
mainly an octet. Notice that in the qq picture for mesons, the ideal mixing implies that the heavier 
state is ss while the lighter is {uu + dd) / v^, the standard example being the and uj resonances. 
Later on, Jaffe |H] developed his model based on the MIT Bag Model |S| for multiquark hadrons as 
(fq^ states. In this calculation a O^"*" nonet of scalar resonances emerges with rather light masses 
due to strong attractive gluon-magnetic interactions. The nonet is made up by a /o(^ 700), 
/o(980), ao(980), the latter two with predicted masses of 1100 MeV, and a fi;(900). In this model 
a natural explanation of the approximate degeneracy of the /o(980) and ao(980) is obtained in 
terms of just their quark content, something that badly fails when these resonances are supposed 
to be qq states. Here, one ends with a dual situation with respect to the just referred ideal mixing, 
so that cos^^ = 1/3 = 0.33. Another pioneering work on the scalar nonet is that of Scadron [TUj . 
where making use of a quark model, he establishes as well that the lightest scalar nonet comprises 
the ct(750), k(800), /o(980) and ao(980) so that cos^ ^ = 0.39. More recently, Napsuciale [TT], in 
the f/(3) X U{2>) linear sigma model with Ua{1) symmetry breaking ^^EJCB], predicted again 
that the lightest scalar nonet consists of the 500), /o(980), 900) and the ao(980). In this 
calculation the properties of the pseudoscalar nonet ^ are fitted and those of the scalar nonet 
are predicted. In this way, Napsuciale concludes that cos^ 6 = 0.87. It is worth mentioning that 
both Napsuciale and Scadron use the so called strange and non-strange basis, the one that results 
from ideal mixing, and they obtain the same absolute value for the mixing angle in this basis, 
101 ~ 15°, but differ in the sign, so that 9 = 35.3 + is also different. Refs. jT2l CS] also employ 
the same model of ref. JT] but with rather different conclusions due to the strong sensitivity of the 
results of this model in terms of the pseudoscalar experimental input, see ref. [TT] for a detailed 
discussion on this issue. Finally, Black et al. in ref. ^7], from an analysis of vrvr and Ktt scattering 
from chiral invariant Lagrangians including bare resonances, also consider the same resonances 
for the lightest scalar nonet with cos^ 6 = 0.63. There are several other groups that also agree 
that the members of the lightest scalar resonances are the ones listed above, that is, /o(600) or a, 
/o(980), /€(700-900) and ao(980) [H [H [201 IHl 122 1211211 and an accord is nowadays rising that 
the lightest qq nonet, with rather standard properties, mixed with a glueball is made up by more 
massive resonances around the 1.4 GeV region, the K^{14:30), ao(1450), /o(1370), /o(1500) and 
/o(1710) fl^ I26j. From the experimental point of view, new and precise experimental data has 
also helped to clarify to large extend the status of the lightest scalar nonet. On the one hand, we 
have the radiative decays to ■yTm and 'jnrj [211121112312011211, which rule out simple qq models 
for the /o(980) and ao(980) resonances [221123, and on the other hand we have the decays, 
where the a and k, resonances are clearly seen |H31 IMl with masses around 0.5 and 0.8 GeV and 
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large widths, between 0.3-0.4 GeV. 

In this work, we take the strong S-wave T-matrices from refs. IHH] and analyse their spec- 
troscopic content regarding the lightest scalar mesons. It is worth stressing that these T-matrices 
have been by now checked in a wide range of physical processes, namely, pure strong meson-meson 
scattering [22 ES], 77 fusion into two mesons J decays [HZI and radiative decays [^ 1^. 
In ref.||221 already established that the cr, /o(980), k and ao(980) belong to the same scalar 
nonet but no attempt was made to study the mixing between the singlet and the J = state 
of the octet making up the a, /o(980) resonances and to perform a SU(3) analysis of the cou- 
plings constants of the members of this lightest scalar nonet as similarly performed in the vector 
or tensor nonets [H El IHl- Here we aim to fill up this gap. We perform two SU(3) analyses of 
the couplings constants of the scalar resonances by considering in the first analysis the couplings 
to two pseudoscalars isospin states and in the second one, the couplings to SU(3) eigenstates. 
The two methods have different sensitivity to the SU(3) breaking, follow very different numerical 
analyses, and their agreement is taken as a guarantee of the consistency of our results. This is 
performed in section |21 where we also show the continuity of the movement of the poles from the 
physical situation to a SU(3) symmetric one, where the poles corresponding to the aforementioned 
scalar resonances bunch in a degenerate octet of resonances and in a lighter singlet pole. Some 
conclusions are presented in section El 

2 SU(3)-Analyses 

In table^we show the physical pole positions in the second Riemann sheet*^ from the T-matrices 
of refs. j22t I35j. These T-matrices are obtained once the chiral expansion is resummed to fulfill 
the unitarity cut to all orders. The resummation is performed so that the chiral perturbative 
series HU] is recovered algebraically at low energies when the chiral power counting holds. In 
addition to refs. [221 ESj , a general discussion of the method is given in ref.^T]. In fig H] we show by 
the solid lines the full results of ref.[22|; corresponding to the fit in eq.(73) of the latter reference. 
In this reference, the vrvr, KK and r^s^s states were included in the / = channel, the Ktt and 
Kt]^ in the 1 = 1/2 one and the vrr^g and KK for 1 = 1. 

In ref.pSI a three- momentum cut-off was used to calculate the unitarity two meson diagram, 
g{s), but now we have calculated it through a dispersion relation so that we have a subtraction 
constant as free parameter for each channel. In the SU(3) limit, as shown in ref.[121; 
subtraction constants must be equal. Taken this to be case, we fit the common subtraction 
constant for all the isospin channels with the preferred value, 

a(/i) = -1.23, for fi = Mp , (2.1) 

where n is the subtraction scale. The formalism is invariant under changes of the subtraction 
scale fi 1221 such that a{fi') = a(/i) + log/i'^//i^. In this fit we have also included the T^g^s state 
for / = as in ref.[22j. The results are given by the long-dashed lines in figffl Let us notice 

#^The sheets of the complex s-plane are defined with respect to the branch cuts of the channel three-momenta 
Qi. The first or physical sheet corresponds to Imqi > for all the channels, and the second sheet corresponds to 
changing the sign of the momenta of only the lightest channel, Imgi < 0, while for the rest of channels Imqi > 0, 
i > 2. 
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that the differences with respect to the full results of ref.[22j, solid lines, come from the fact that 
in this fit we have removed the set of preexisting resonances of ref.|22]- This comprises an octet 
of mass around 1.4 GeV and a singlet of mass around 1 GeV. The role played by the heavier 
octet is apparent when considering the figures in the region above 1.2 GeV. We see that the main 
differences for lower energies correspond to the 1 = inelasticity, third panel from top to bottom 
and left to right. 

It is also interesting to remark that by performing a comparison between the g{s) function 
calculated with a cut-off or with the dispersive integral [20], we can then obtain an expression for 
the subtraction constant in terms of a natural-sized cut-off. This expression corresponds to: 

a(/i) = - log . 

Thus, for Q ^ Mp ~ 47r/7r GeV, we have a{Mp) in the interval [—2, —1.4], where f^^ is the weak 
pion decay constant. Indeed, the value given above for a{Mp) in eq. ()2.H) corresponds to Q = 712 
MeV, a rather natural value for Q. This is important in order to conclude that the physics encoded 
in this subtraction constant just corresponds to re-scattering between the mesons, because if the 
subtraction constant required unnatural values of the cut-off then one should conclude that some 
intrinsic dynamics is playing a role besides pure meson-meson self-interactions. 

In addition, we also consider the situation where we do not include either the rjsrjs state, like 
in ref.jnSI; but allowing for different values of the subtraction constants. Performing the fit we 
finally have: 

ci"K-K = —1-1, ciRK = —1-6, ttK-K = —0.8, axr] = —0.8 a^r^ = —0.5 . (2.2) 

The resulting curves are the short-dashed ones of figffl 

We take these three T-matrices as reflecting the uncertainty in our approach for the coupling 
constants and pole positions presented in table [T] The point is that the rj^ris channel plays some 
role above 1 GeV, see for example the long-dashed line in the (1 — ?7o)/4 panel, but on the 
other hand one can also reproduce the data without this channel, short-dashed lines. Indeed, 
as already noted in ref. 22 , the inelasticity for the / = S-wave partial wave, 7]q, cannot be 
appropriately reproduced when the rjsrjs channel is taken into account unless a bare singlet pole 
around 1 GeV is included |22], compare the long-dashed and solid lines in figlH Thus, although 
the preexisting resonances can also be avoided for energies lower than 1.2 GeV, they certainly give 
some contribution particularly in connection with he 773778 channel. We have then considered the 
three situations presented above, where the rjsrjs as well as the preexisting resonances are included 
[22] (solid lines), where the preexisting resonances are removed but the rjsrjs is kept (long-dashed 
lines) and finally when both the preexisting resonances and the 773778 channel are removed (short- 
dashed lines). On the other hand, it is apparent from fig^that the bare poles are not negligible 
above 1.2 GeV. 
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Figure 1: Fits to scattering data. The solid lines is the full approach of ref. j22j . The long-dashed 
lines correspond to the fit given in eq. (|2.1j) where the bare poles are removed and a common subtraction 
constant is used for all the channels. The short-dashed lines correspond to remove both the bare poles 
and the r^gr^g channel but allowing for different values of the subtraction constants, eq. (|2.2|) . From top 
to bottom and left to right, the first three panels refer to the isosinglet S-wave sector: Elastic vrvr phase 
shifts, the inelastic tttt — > KK phase shifts and (1 — r]Q)/4: with tjq the inelasticity, in order. The fourth 
panel is the isodoblet S-wave Kir elastic phase shifts and the last one is an event distribution around the 
isovector ao(980) resonance. 




We now perform a smooth transition from the physical limit to a SU(3) symmetric one through 
a continuous parameter A G [0, 1], such that: 

m^(A) = m^ + A(mo-m^), 
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itt^kW = rriK + X{mo - rriK) , 

m^(A) = + A(mo - m^) , 

MX) = fK + KU-fK) , 

/,(A) = /, + KU - U) ■ (2.3) 

So, for A = one has the physical hmit while for A = 1 one ends with a SU(3) symmetric point. 
The interesting point for us is to note the continuous movement of the pole locations of the k, 
ao(980), a and /o(980) from their physical positions (A = 0) to a degenerate octet plus a singlet 
as shown in figI2l for a common SU(3) mass mg = 350 MeV and a step in A of 0.1. This clearly 
shows that an octet and a singlet of resonances in the SU(3) limit evolve and give rise to the 
physical poles of the lightest scalars so that these resonances must be considered as the lightest 
nonet of scalar resonances. Thus, the k and ao(980) are pure octet states while the a and /o(980) 
are a mixture of the singlet and octet J = states. 
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Figure 2: Continuous movement of the octet and singlet poles from a SU(3) symmetric point to the 
physical limit. The different isospin channels are indicated in the figure and the step in the A parameter 
is 0.1. 

We now perform a standard SU(3) analysis of the couphng constants of the lightest scalar 
resonances to pairs of pseudoscalars within the aforementioned SU(3) assignment. The coupling 
constants are obtained by determining the residues at the pole positions of the resonances through 
the expression: 

T,, = hm , (2.4) 

s^sa S — Sr 
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where is the corresponding pole position and the subscripts i and j indicate the two pseudoscalar 
channels. 

Then, for the different options taken above to fit data we show in table Q the modules of the 
couplings since the phases can be contaminated from background contributions j^ . 
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Table 1: Coupling constants for the scalar resonances for the solutions of ref. |22j and those corresponding 
to eas. ()2.ip and 1)2. 2|) . Let us remember that the / = states |vr7r)o and |??87/8)o of ea. ()2.6() are normalized 
to 1/2 and not to 1 so as to take care of the invariance of these states under the exchange of the two vr 
or r/g. In the fifth column we show the average of the values in the three previous columns. 



Let us consider first the ao(980) and n resonances that do not have singlet contribution and 
should be considered as pure octet resonances. Note that although one can also have an anti- 
symmetric octet representation, 8^, from the tensorial product 8 Cg> 8, is not allowed that a pair 
of pseudoscalars in the SU(3) limit stay in S-wave in this representation because of Bose- Einstein 
statistics. For the reader convenience, we write the scattering states with definite SU(3) eigenvalues 
for the symmetric octet, 8^, and the singlet, 1: 
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Above we have also shown the decomposition of the octet or singlet states in isospin states in 
addition to its decomposition in two pseudoscalar pairs. Furthermore, since the |7r7r)o and |?78?78) 
are symmetric states under the exchange of the two pseudoscalars, we have added an extra 1 / \/2 
in the expression for the isospin states, so that: 
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(2.6) 



From this decomposition and identifying the ao(980) as the |8s, / = 1, Is = 0) state and the 
as the |8s,/ = 1/2, = 1/2) resonance, we have the following identities for their couplings: 
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(2.7) 



As a result, we predict the following three independent relations: 
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Averaging the values given in tabled we obtain: 
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g{K ^ Kris) 



1.64 ±0.05, 
1.10 ±0.03 . 



(2.9) 



For the first and third ratio the agreement is within the expected accuracy of around a 20%. It 
is worth stressing that the third ratio relates the couplings between both resonances and then 
is sensitive to the fact that gs is a common parameter in the SU(3) analysis. However, for the 
second ratio the disagreement is by a factor of two and hence for this particular coupling the SU(3) 
expectation does not hold within the expected accuracy. Nevertheless, we will show below that 
when SU(3) breaking is allowed in the SU(3) analysis we recover the agreement for the second 
ratio as well. Thus, these results, together with the observed soft evolution of the poles from the 
SU(3) limit to the physical one, support the picture of the ao(980) and the k as members of the 
same octet. Still, we shall give below an additional analysis to support this conclusion. Notice 
that since the third ratio is in agreement with our analysis, the coupling g{K ^ Krjg) is the one 
in disagreement with the present SU(3) expectations, as confirmed below when we allow SU(3) 
breaking linear in the quark masses. 

In addition to the ratios in eq. ()2.9|) we can also obtain \gs\ from the values of \g{aQ 7i^'78)|; 
\g{(^Q and \g{K (i^'7r)i/2)| in tablelHand the SU(3) relations in eq. ()2.7|) : 
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(2.10) 



with a relative error around a 15%, well within the accuracy of an SU(3) analysis. In the number 
above we have not included the value of |(?(k — > -ft'r/s)! since, as discussed above, departs more 
than the allowed 20% from the SU(3) expectations at this stage. 

Let us now consider the 1 = resonances, namely, the a and the /o(980). These resonances 
are expressed as a mixture of the / = singlet and octet states, \Si) and l^g), respectively: 



\a) = cos6'|S'i) ± sin6'|S'8) , 
|/o(980)) = -sin^l^i) ±cos^|^8) , 

with 6 the mixing angle. Then we have the following relations for the couplings: 
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From tabled there is a very stark result, the almost vanishing coupling, much smaller than any 
other, of the a resonance with the ryg^s channel. Imposing then that g{a ^ VsVs) = in the 
equations above we obtain the relation: 




z--^/" (2.13) 



Employing this result, it follows that: 
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We take the previous equations to calculate simultaneously gs and 9. Nevertheless, since we only 
know the modules of the different couplings, as shown in table ^ we can only determine the 
modules of 9 and gs- Notice that from eq. ()2.13|) . the relative sign between gi and gs is fixed by 
the chosen one of 9. Once this is fixed, a change of sign in gs only gives rise to a global change 
of sign in the coupling constants listed in eq. ()2.12j) since from eq. ()2.13p it implies a simultaneous 
change in the sign of gi as well. Thus, it is a matter of convention to choose the sign of gs and 
9 with our information of the modules of the coupling constants given in table ^ However, once 
the signs of gs and 9 are chosen then from eq. ()2.13|) the sign of gi is fixed: 

\gs\ = 10.5 ±0.5 GeV , 
cos^e = 0.934 ±0.006, 

1^1 = 14.9° ±0.7". (2.14) 

Interestingly, the consistency of our approach is notorious by comparing the value of gs from 
the study of the and k resonances with that in eq. (|2.14p from the study of the mixing in the 
/ = system. We see that both values agree within errors which at most are a 15%. We show as 
well the average value of gs from the equation above and eq. ()2.10p . so that: 

l^sl = 9.6 ±1.3 GeV. (2.15) 

From eq. ()2.13p , we have the following value for gi : 

l^il = 3.5 ±0.5 GeV . (2.16) 

Now we use a more versatile way of treating eqs. ()2.7|) and ()2.12|) which is also more suited for 
the case when further SU(3) breaking is considered. For that we employ the method of the least 
squares. We construct the function as: 



^ ^g{R ^ PQ) - g{R ^ PQ)[^ ^ ^^^^^^ 
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where the sum extends over all the resonances a, /o(980), ao(980) and all the pseudoscalar pairs 
PQ as shown in table [H We have denoted by ^(i? — > PQ) those coupling constants calculated 
from the SU(3) analysis, while g{R — >■ PQ) refers to the average ones in tabled 

In order to perform the numerical analysis based on the minimization of eq. ()2.17p . we have 
allowed for different signs in the evaluation of eqs. ()2.12|) since in tabled we only know the modules 
of the coupling constants. The only consistent fit, where the ascribed signs for the couplings in 
the minimization process and those that finally come up coincide, is very similar to our previous 
results, eqs. ()2.14j) . eq. ()2.15|1 and ()2.1(ij) . The precise values are: 

l^il = 3.9 ±0.8 GeV , 
l^sl = 8.2 ±0.8 GeV , 

1^1 = 19° ±5°, (2.18) 

such that the relative sign of gi with respect to is in agreement with eq. ()2.13p . In order to 
calculate the errors we have multiplied by a common factor the errors of the coupling constants 
in the fifth column of table Q much smaller than the expected accuracy of the SU(3) analysis, so 
that the per degree of freedom is one. Our results are clearly compatible with the previously 
obtained values for g^ fl2.15|) . gi fl2.16|) and 6 fl2.14|) . The resulting couplings are: 
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(2.19) 



We see a remarkable agreement between the calculated couplings from our SU(3) analysis in 
eq. ()2.19p and the averages reported in the fifth column of table H Of the ten couplings there 
are only two exceptions. The already discussed g{K, —>■ Krjg) which turns around a factor 2 too 
small and the g{fo — > (7r7r)o) which is too large by a factor around 3. It should be noted that the 
|5'(/o (^^)o)| coupling is the most sensitive to the presence or absence of a preexisting state in 
the /o(980) resonance since it changes by a 40%, while for the other couplings the change is lower 
than a 5%. This points towards a special status for this coupling which controls the width of the 
/o(980) resonance. Indeed the large reduction, by a factor of 2, between the imaginary part of 
the pole position of the /o(980) resonance in the third column of table Q reflects the reduction in 
the value of its coupling to the (vr7r)o system. Notice that the ratio of the square of the couplings 
of the /o to |7r7r)o given in the second and third columns is (0.89/1.33)^ ^ 1/2, as corresponds to 
the ratio of the widths. In addition, as noticed in ref.lHSESl, the /o(980) behaves as a pure KK 
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2.48 ±0.18 



/o(980) 



l^(/o 



1)1 



5.35 

4.15 



l^(/o 
l^(/o - 



5.07 
3.90 



\9{k 
\9if0 - 



4.20 
2.45 



Igifo 

\9if0 - 



4.9 ±0.6 
3.5 ±0.9 



ao 



1^8 1 



8.95 



1^8 



8.83 



1^8 



9.01 



1^8 1 



8.5 ±0.5 



m\ 



8.12 



1^8 



7.94 



1^8 



7.90 



l^8| 



7.99 ±0.12 



Table 2: Coupling constants of the scalar resonances with two mesons states with well defined SU(3) 
eigenvalues. In the fifth column we show the average of the values of the three previous columns. 



bound state when the tttt channel is removed. As a result, one expects that the (yf(/o — * (vr7r)o) 
coupling is mostly driven by kaonic loops decaying into two pions so that the SU(3) breaking can 
be huge due to the large difference between the KK and vrvr thresholds. 

Summarizing, of the ten couplings constant we have used three of them to calculate ^, g^^ gi, 
and then we end with the values given in eq. (j2.19|) . Between the latter, eight couplings are in 
very good agreement with their 'experimental' values given in table ^ but two of them are in 
disagreement, although the coupling g{K — Krjg) will agree with our SU(3) analysis once further 
SU(3) breaking corrections are taken into account, eq. ()2.24p . On the other hand, we have also 
checked that the obtained value of gs from the study of the pure octet states k and ao(980), 
eq. ()2.10j) . is compatible with that from the study of the mixing in the / = system, eq. ()2.14j) . 
The average of both values is the one quoted in eq. ()2.15|) . compatible with the value of gs given 
in eq. ()2.18p from the minimization of the function, eq. ()2.17|) . This is an important check and 
then, as a whole picture, we can claim that the a, /o(980), ao(980) and k constitute a nonet of 
dynamically generated scalar resonances with a mixing angle of around 20°. The preexisting bare 
pole contributing to the /o(980) resonance appears as a small contribution to the /o(980) physical 
pole that particularly affects the couplings of this resonance with the vrvr channel, as apparent 
when comparing the couplings of the /o(980) in the second column of tabled with those in the 
third one. 

As stated above, we consider a second SU(3) coupling constant analysis to support our view 
that these resonances constitute a nonet. We now consider the couplings shown in table |21 of the 
a, /o(980), ao(980) and k, scalar resonances with the two pseudoscalar states of eq. (j2.5p with well 
defined SU(3) eigenvalues. 

Since the ao(980) and n are pure octet resonances, their couplings to an octet state must be 
the same and this is indeed what happens as can be seen from the values given in table El which 
are the same within an error of around 9%. Averaging the values of gs in the first three columns 
of table 121 we have: 

l^sl = 8.5 ±0.5 GeV , (2.20) 
a very similar value to that of eq. ()2.18p . The weighted value of gs between the ones given in 
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eas. flTTH|l and (IT^ is: 

l^sl = 8.6 ±0.5 GeV . (2.21) 

Because the /o and a are a mixture between the pure singlet and the 1 = octet states, eq. ()2.1H) . 
their couphngs to the singlet and octet states are driven by this mixing and then we have: 

g(a ^ 1) = cos 61 , 

g{a 8s) = sin 6* , 

gifo ^1) = - sin 6* 51 , 

^7(/o^8,) = cos ^58 • (2.22) 

Taking into account the second line of the previous equations and the calculated value of gs in 
eq. ()2.2H) . we then have a new calculation for gi and the mixing angle 6. 

\gi\ = 3.96 ±0.13 GeV , 
cos^^ = 0.916 ±0.006, 

1^1 = 16.8° ±0.7°, (2.23) 

very similar to the values of eq. ()2.18|) and compatible within the shown errors from the dispersion 
in the values shown in tables Q and El 

Let us notice that we can also find a solution for the last two equations in ()2.22j) . One then 
obtains very different values to those of eqs. ()2.18j) and ()2.23j) with 6 ~ 65'', for gg given in 
eq. ()2.20p . Indeed it is easy to see by finding tan6' from either of the ratios g{a 8s)/g{fo 8^) 
or 5(/o —>■ l)/g{cr —>■ 1) that the set of four equations in ()2.22|) is not compatible with the values 
given in table |21 This is why we have solved separately those two equations of the a, whose 
solution is given in eq. (j2.23|) . and those of the /o(980). Indeed, the (!2.17|) calculated from 
the set of values of eq. (j2.23|) is 1.5 smaller than that calculated from the values that result if we 
considered instead the /o couplings in eqs. ()2.22p . Furthermore, if we take the latter as starting 
values to minimize the function, we end then with a solution similar to eqs. ()2.18|) and ()2.23p . 
Let us note from eq. ()2.5|l that the two pion system enters both in the octet and singlet 1 = states 
with large SU(3) Clebsch-Gordan coefficients and then this last method cannot be applied to the 
/o(980) since it was not good enough for the study of the g{fo (7r7r)o) coupling. It is also worth 
stressing that the problem with the g{fo —>■ (7r7r)o) coupling cannot be solved by considering an 
extra singlet contribution to the /o(980) resonance, as one could think because of the preexisting 
singlet contribution found in ref.j22! ^'^ physical /o(980). This is so because the g{fo 8^) 
coupling does not involve any singlet contribution and is in disagreement with our expectations 
from eq. (j2.22|) . with the values determined in eqs. (j2.20p and (j2.23j) from the sudy of the couplings 
of the a, ao(980) and k, resonances in table |21 

As state above we now consider SU(3) breaking in the couplings of the octet and singlet states to 
two pseudoscalars. Since the singlet and the symmetric octet SU(3) representations are symmetric 
under the exchange of the two pseudoscalars, at linear order in the quark mass matrix, we can 
write the following Lagrangian: 

F(S(2<l>x<l' ± ± ± GS^{2'^>x<^> + + X^') ■ (2-24) 
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The same expression can be deduced from the chiral Lagrangians of ref.jlTj. In the expression 
above $ is the usual 8x8 matrix with the octet of pseudoscalars and the same apphes for S 
but now referring to the scalar octet. For more details see e.g. ref. [Uj. Finally, 5*1 is the scalar 
singlet, X = diag{0, 0, m^- — m^) oc (0, 0, — rh) is the matrix responsible for the SU(3) breaking 
with mg the strange quark mass and rh the average of the masses of the two lightest quarks. On 
the other hand, F and G are two constants. We have then minimized the x^, eq. ()2.17|) . with 
the corrections derived from the previous Lagrangian added to eqs. ()2.7|) and ()2.12|1 . We want to 
emphasize here that the values of the couplings gs, Qi and 6 turn out to be the same and the 
SU(3) breaking parameters F(m|^ — m^) = —0.23 ± 0.16 and Gi^mj^ — m^) = 0.13 ± 0.4 take very- 
natural values, around a 20% of unity as expected from SU(3) breaking. The main novelty is that 
now g{K, — >• Krjs) = 2.52, quite close to the value given in table [H Nevertheless, the situation for 
the ^(/o —>■ (7r7r)o) coupling does not improve and we are still a factor 3 off. For completeness, 
we also discuss here a qualitative different fit to that of eq. (j2.18p where the SU(3) breaking is 
much larger but the function is smaller, by around a factor of 2, than that corresponding 
to the fit in eq. ()2.18|) but including now the just mentioned SU(3) breaking corrections. This 
fit arises when allowing a change of sign in the coupling g{K, Krj^) with respect to the case 
without the SU(3) breaking from eq. ()2.24p . Let us note that this coupling is SU(3) suppressed 
because of the smallness of the corresponding Clebsch-Gordan, see eq. ()2.5|l . so that moderate 
SU(3) corrections could well change its sign. However, in this case the SU(3) breaking parameters 
are larger by around a factor of 7 to those given above, so that F[m\ — m^) = 1.44 ± 0.11 and 
G{m\ — 6m^) = 0.81 ± 0.2 and hence they drive to large SU(3) corrections that are difficult to 
accept. We see e.g. that the resulting g^ parameter is lower by a factor of two than that obtained 
directly from the ao(980) and k analysis in eq. (j2.20p . by directly averaging the values shown in 
table 121 This is of course very unlikely to be accepted since we see a nice agreement between the 
couplings of the ao(980) and k to the pure octet states in table |21 as corresponds to a soft SU(3) 
breaking. Furthermore, from this fit to the two pseudoscalar couplings we can then predict the 
values of the couphngs of the resonances to the SU(3) eigenstates in eq. ()2.5p and then we observe 
that the predicted value for g^ is much smaller, by around a factor 20, than the ones shown in 
table 121 As a result we discard this fit as non-physical and keep the one of eq. (j2.18p as our final 
results. 

By passing, we mention that taking the real part of the poles presented in table ^ as the 
masses of the corresponding resonances, we then find that they fulfill in good agreement a linear 
Gell-Mann-Okubo mass relation with the mixing angle given in eq. ()2.18|) : 

Arrii^ — niao = 3(mj(, cos^ 9 + m„ siv? 6) . (2.25) 

The ratio between the difference of the right(2.7) and left(2.1) sides of the above equation and the 
average of both is around a 25%, well shaped within the usual SU(3) accurateness. On the other 
hand, the quadratic Gell-Mann-Okubo mass relation is much worse behaved, being the relative 
difference around a factor 2. 

Finally, the sign of 9 can be fixed by considering the strength of the scalar form factors: 

fn = {'^\^{uu + dd)\KK)o, 
/, = {Q\-ss\KK)o. 
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(2.26) 



at the peak of the /o(980). In the previous equations we have denoted by |0) the vacuum state. 
These form factors, among others, were calculated in ref.jlHj, and the peak of the /o(980) is clearly 
visible. Now, from ref.|lH] at the /o(980) peak the ratio \fs/fn\ — 5.5, denoting clearly that the 
/o(980) couples stronger with strangeness, as well known. Notice that the coupling of the /o(980) 
to the two kaons factorizes out in the ratio and then one is only sensitive to the /o coupling to 
the quark-antiquark sources. We can perform the SU(3) decomposition of the previous sources: 



ss 



73 



Sl 



nn = —= iuu + dd) 
V2 



2 1 



(2.27) 



where Si and Sg are singlet and octet operators. Then, neglecting any other SU{3) breaking 
beyond mixing we can write: 



(0|ss|/o(980)) 
(0|nn|/o(980)) 



sin^^-^(0|si|5i) -cos^y^(0|s8|5'8) , 
sin^^y|(0|si|^i) + cos^-^(0|s8|58) ■ 



(2.28) 



Now, from the value \6\ = 19° given in eq. ()2.18|) and taking, just for an order of magnitude 
estimation, (OlsilS*!) ~ (0| 5815*8), as required by U(3) symmetry, we then have: 



e = +19° 
e = -19° 



3.5 , 
0.7 . 



(2.29) 



Thus, the solution with 6 > is clearly favored since requires much smaller U(3) breaking cor- 
rections than that with 6 < 0, which would be huge. As a result, if we take the convention that 
gs > 0, we can remove the absolute value signs in eq. ()2.18p . and write: 



9i 
9 



8.2 ±0.8 GeV 
3.9 ±0.8 GeV 

±19° ±5° 



(2.30) 



It is also worth mention that our mixing angle is in agreement with the determination from ref. |llj. 



3 Conclusions 



We have first shown that the a, /o(980), ao(980) and k poles evolve continuously in the A pa- 
rameter, eq. ()2.3p . from the physical limit A = to a nonet of resonances in a SU(3) limit case. 
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A = 1, made up by a degenerate octet and a singlet. Indeed we already showed this in ref.j22], but 
now we have analysed in further detail the situation where the bare poles, an octet with a mass 
around 1.4 GeV and a singlet with a mass around 1 GeV, are removed. In particular, we have 
now performed two fits to the scattering data of the S-waves in the J = 0, 1/2 and 1 channels 
without bare resonances and with a common value for all the subtractions constants, eq. ()2.1|) . 
or with different ones and without the rj^ris channel as well, eq. ()2.2j) . In addition, we have also 
interpreted that a value around —1 for the subtraction constants at the scale fi = Mp corresponds 
to calculating the unitarity loops with a three-momentum cut-off of a natural value, Q ^ Mp. Al- 
though this certainly shows that the aforementioned resonances constitute a nonet of dynamically 
generated scalar resonances with the ao(980) and k being members only of the octet, we have 
performed two additional analyses that have shown: First, the SU(3) limit picture as a whole is 
still useful in order to study the lightest scalar nonet in the physical limit (within the expected 
precision of around a 20% for such estimations). Second, we consistently conclude again that 
those resonances belong to the same nonet and third, we are able to obtain a value for the mixing 
angle between the / = states of the singlet and octet multiplets, together with the coupling 
constants gs and gi. In this way we consistently study within SU(3) symmetry, in terms of three 
parameters, the set of couplings: g{ao {KK)i), g{ao T!"f]8), 9{cio ~^ 8s); ^'(^ {Kn)i/2), 
g{K Kt]s), g{K 8^), g{o (7r7r)o) , g{a {KK)q), g{a (?78?78)o), 9(0- 1), g{a ^ 8^), 
g{fo {KK)o), g{fo {risris)o). We have seen that the coupling g{K Krjs) is finally in agree- 
ment with our SU(3) analysis once linear SU(3) breaking in the quark masses is taken into account 
from eq. ()2.24p . Nevertheless, the coupling (7(/o(980) — >• (vr7r)o) require still higher orders in the 
SU(3) breaking parameters and do not follow the standard simple scheme developed here in the 
lines of the well established vector and tensor nonets. The given SU(3) analyses take the values of 
the couplings of the scalar resonances with two pseudoscalar states with either well defined isospin 
or well defined SU(3) eigenvalues. Both analyses have different sensitivity to the SU(3) break- 
ing, since different combinations of amplitudes are involved, and follow very different numerical 
analyses, but remarkably, compatible values between errors for the mixing angle as well as for the 
coupling gs and gi stem. This consistency is worth stressing and gives us further confidence in our 
results together with our interpretation that the failure in reproducing the (vr7r)o coupling of the 
/o(980) should be considered as an isolated fact in an overall good description and interpretation 
of table ^ We have also established that the scalar resonances fulfill to good precision a linear 
Gell-Mann-Okubo mass relation with our determined mixing angle and masses in tabled Finally, 
from a study of the scalar form factors calculated in ref. |1H]! we have fixed the sign of the mixing 
angle to be positive and then we conclude that 6 = +19° ± 5°. 
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